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Abstract

One introduces the effective technique for the fast generation of the discrete samples of the logarithm of the functional of the
likelihood ratio under a low-frequency Gaussian random process with the spectral density of an arbitrary shape being received
against the background Gaussian white noise. The random processes that are part of the specified functional are presented by
means of a finite set of discrete Fourier transform coefficients. The possible hardware and software implementation of the
algorithms for estimating the frequency and energy parameters of a Gaussian process with the experimental determination of
the characteristics of their performance are demonstrated. Based on the results obtained, the operation of various detectors and
measurers is simulated for the case when the observable realization can be presented in the form of linear or nonlinear

transformations of a Gaussian random process.
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1. Introduction

The statistical character of many objects and
phenomena studied in radio engineering requires the
application of the statistical algorithms for processing
the observable data so that to extract the useful
information most effectively. However, generally, one
can theoretically estimate the characteristics of this or
that processing algorithm only in the asymptotic case
provided that the unlimited signal-to-noise ratio
increase takes place. For the finite values of the

analyzed process parameters, the software or
hardware statistical simulation can be used to define
the quality of the algorithm operation. It is obvious
that such simulation should lead to the minimized
time cost and to the elimination of the significant
errors that could arise due to the limitation of the
finite size of the machine word and the inexact
reconstruction of the pulse (frequency) responses of
the separate processing blocks, etc. The purpose of the
present paper is to introduce some software methods
that can increase the efficiency of the technical
implementation of the algorithms used for processing
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the random processes.

2. The problem statement

One starts with the study of the technique of
simulation of the algorithms for processing the
random processes exemplified by the algorithms for
processing the fast-fluctuating low-frequency
Gaussian random processes with the unknown
parameters and observed against the interferences. As
a mathematical model for such signals there can be
used the additive combination of the form (Middleton,
1996; Van Trees, Bell, & Tian, 2013; Trifonov, Nechaev,
& Parfenov, 1991):

() = &t 8,) + n(), t e [o, 7). Q)

Here a(t, @O) is the realization of the centered
stationary Gaussian random process with the spectral
density G(m, QO), 9, € ® is the vector of unknown
parameters from the domain 0, n(t) is the Gaussian
white noise with the one-sided spectral density n,,
[0, 7] is the observation interval.

The spectral density of the process ?;(t, QO) can be
presented as (Van Trees et al, 2013; Trifonov et al,

1991; Chernoyarov, Golpayegani, Zakharov, &
Kalashnikov, 2020):

Gg(")f éo) = (Yo/z)f((’)/go)r §O = (vor Qo) (2)
or

6o 8,) = ey /0)e(0/02), B = (o 2) ()
In (2), (3), the notations are the following:

Q, = J’w Gi(oo, §O)dm/max Gé(w, §O) is the effective
bandwidth, y, is the intensity, p, is the dispersion
(mean power) of the process E;(t, QO) so that

Py = 7,9, /4, and £(x) is the function that describes

the form of the spectral density and satisfies the
conditions

£f(x) = 0, £(x) = £(-x), j

— o0

N flx)dx = 1. (4)

It is presupposed that the fluctuations of the
process g(t, @)O) are “fast”, that is, the duration of the
observation interval T essentially exceeds the
correlation time 4r/Q, of the process g(t, §O) and then
the following relation holds

by = TOq/am >> 1. (5)

The useful information is provided by the values of
the unknown parameters of the random process

g(t, éo) (1). Therefore, by the observable realization
(1), it is necessary to estimate the vector of parameters
9, €0, ©=[xx[Q,, Q.] (2) or (3), where

min/
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[0, ) and [Q,,., Q,..] are the prior intervals of the
possible values of the intensity (dispersion) and
bandwidth of the process E_,(t, §O) , respectively.

3. The algorithm for estimating the
parameters of the fast-fluctuating random
process

When synthesizing the estimation algorithm, the
maximum likelihood method is used. According to this
method, the logarithm of the functional of the
likelihood ratio (FLR) as a function of the current
values of all the unknown parameters should be
generated. If the inequality (5) holds, then, based on
the results of the studies (Van Trees et al, 2013;
Trifonov et al, 1991; Chernoyarov, Vaculik, Shirikyan,
& Salnikova, 2015), for the FLR logarithm under

observations (1) one gets
2G, \o, §
b,
N

L@:iifp@w_zsz+

Ny 4an

3 e 0.

In (6), y(t, §) = fx x(t’)h(t -t Q)dt’ is the response

of the filter to the observable realization (1) and the
transfer function H(joa, §) of this filter satisfies the
condition

oo, 8] = 700, 8) = il 8)oilor )+ w2l )

Thus, the maximum likelihood estimate (MLE) of the
parameters §, is determined as

§m = arg sup L(@) (8)
9e0

The numerical study of the characteristics of the
estimate (8) by the Monte Carlo method requires
multiple generation of the FLR logarithm (6). As it
follows from (6) and (Trifonov et al, 1991;
Chernoyarov et al, 2015), the FLR logarithm is a
nonstationary random process and, in addition, it is
the Gaussian one, if the condition (5) is fulfilled. It
should be noted that the first term included in the FLR
logarithm

o) = [k i) ®

depends on the received data (1), while the second
term, which is

3) T 7 ZG‘2 (w, §)
Lc(g) = _-ZE; ‘[jlllll + ———};;———1 dU), (10)
does not depend on the realization x(t) (1).

Therefore, the FLR logarithm can be presented as
the sum of the two terms
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1(8) = .(8)+ .(8), (11)

where the first term 1, (?}) is the random process and is
generated using numerical simulation and the second
term LC(§) is a deterministic function that must be

added to 1, (é).

4. The transition to the discrete model

For the computer simulation of the algorithm (8), the
analog operations included in (9), (10) should be
changed by the corresponding discrete ones. As it

follows from (9), to simulate the functional 1., (?}), itis
sufficient to generate the discrete realization of the
process y(t, fj, which is the output signal of the linear

system with the amplitude-frequency characteristic
(AFC) (7) responding to the realization (1). It can be

seen from (7) that the AFC of the filter H((D, §) behaves
as 2Gé(c0, §)/No under o — «, since, by definition (2),
(3), the spectral density of the random process g(t, §O)

is concentrated near zero frequency and occupies a
limited frequency band. Hence, the cutoff frequency
o, can be specified which satisfies the condition

H(mc, §) << 10r e, > Q,/2, (12)

and the AFC of the filter above this frequency can be
set to zero. Thus, in other words, the filter with the

AFC H(m, §) (7) can be changed by the filter whose AFC
is determined as

o §) = {H(wr §), lof < .,

0, o > o..

(13)

The error of such the change can be estimated in the
following way

0= olor §)do / [ ol 8)ao.

Obviously, if the first or second inequality in (12)
holds, then ¢, << 1.

One denotes the response of a linear system with
the AFC (13) to the input realization (1) as }(t, §). It
follows from (1) that it can be represented in the form

y(t, §) = f/i(t, 9) + }n(t, §), (14)

yé(t, §) = Ji g(t’, 9y )Z(t -t §)dt’ ,

}n(t, §) = _[: n(t')?z(t -t §)dt’ are the responses of

where

this system to the signal g(t, §O) and noise n(t),

respectively; H(t, §) is any pulse response that the AFC

(13) provides, while the corresponding phase-
frequency characteristic can be arbitrary, since it is

irrelevant when simulating random processes
(Devroye, 1986; Chernoyarov, Sai Si Thu Min,
Salnikova, Shakhtarin, & Artemenko, 2014).

In turn, according to (Devroye, 1986; Chernoyarov
et al, 2014) the random process E&lt, QO) can be

represented as the response of a linear system with the
AFC

%o 8,) = 2.0, 8 )/, (15)

to the Gaussian white noise n,(t) with the same one-
sided spectral density as the noise n(t) (1), but, the
processes n,(t) and n(t) should not be correlated. In
addition, as the relation (13) is satisfied, when
simulating the responses }7§(t, §) and }n(t, §) (14), the
bandpass Gaussian random processes 7 (t) and #(t)
with the intensities nv,/2 and occupying the frequency
band [-o_, ©.] can be used instead of the processes
n,(t) and n(t) with unlimited bandwidth, so that

yg(t, §) = _[i ﬁf(t’)ﬁf(t -t, §)dt’,

- > - (16)
y/n(t, 8) = j_ H(t/)E(t -t S)dt'.
Here the pulse response H(t, é) is such that the
corresponding magnitude of the transfer function is
Hf(w, 9) = Kj fﬁ(w, é), and the dispersions of the

processes 7. (t), r(t) are the same and equal to

o, 9y

Ny _ Ny,
on b2 T o (17)
It is easy to see that the spectral density of the
process y(t, §) (14) as the sum of the responses of the
filters with the bandwidth o, is also limited by the
frequency ®.. Therefore, in accordance with the
Nyquist theorem (Tan & Jiang 2018), the realization of
the random process f/(t, §), t € [o,7] (14) can be
certainly represented by the vector of the samples

#x] = #leat, 8) (18)

taken at times kAt, k = 0,N — 1, N = [r/At]. Here
the sampling step At is equal to n/o. that
corresponds to the sampling rate

0; = 20, (19)

while [] is an integer. Then, for the required number
of the simulated samples (18) one gets
N = [Tooc/rc] = [de/2n].

It follows from (12), (19) that o, >> Q,. Then,

taking into account (5), the most general constraint on
the model parameters can be formulated as follows:



1 << p << N/2. It means that the correlation time of

the process f/(t, Q) must fit within the observation

interval T a large number of times, and a large number
of samples (18) must be stated within the correlation
time.

The next step is to present the random process (18)
in the discrete form:

Pkl = Felk] + 7.[x], (20)

?i[k] = }N’g(kAtr g)) j}n[k] = ?n(kAt, é))
k =0,N -1 are the discrete models of the signals
#.t, 8)and 7, ¢, 8) (16).

Accounting for the discretization, the dispersion
(17) of the samples of the random processes 7, (t) and

7(t) can be presented in the form

where

o, = Nyo./2n = Noo,/4n = NN /2T. (21)

n

Using the obtained random vector 7[x] (20) and the

formula (21), the discrete representation for the term
(9) of the FLR logarithm depending on the observable
realization (1) is introduced as follows

)= 25% #l = L3 50 -

0 k=0 n k=0

N AnEEAn

2
20,

k=0
which then can be transformed into the form

LX(Q) = 2012N Ni C K]+ c;, [k]r. (22)
Here
= 3 Felilensf- 1222,

o (23)

& 2nki
5] = 37, e - 5 22
are the discrete Fourier transform (DFT) coefficients

of the sequences . [x] and 7, [x], respectively.

Considering the symmetry properties of the DFT
(Tan & Jiang 2018)

Cr [kl + ¢ k] = ¢ [v — k] + ¢; [v — &].

the number of arithmetic operations in (22) can be
reduced as follows

LX(§) -t [

ZGiN

N[2-1 ’
+2 ) |es k] + ¢ | +
k=0

2
+

c;.[o] + ¢; [o]

S

(24)

bl + ¢, [N/z]r} .

and, thereby, the simulation implementation is
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simplified.

The deterministic component (10) of the FLR
logarithm can be approximately represented in the
following way

O8N

-0

= —G)—CT.I[ln[l +M}d€),

4an N,

(25)

-1

and then calculated for the specified vector § using
one of the formulas of the numerical integration
(Davis & Rabinowitz, 2007). For example, if the
quadrangle formula is applied for this purpose, then
one gets

- TAG 4=t 2G (o)an(T) -
Lc(S)z—(Dc lenl+ :
an m=0 NO

Per §)] (26)

where M = [2/A¢]. The error of changing the integral
in (25) by the sum (26) does not exceed the value
e, = G 0.A /2,

c

G, = max Gé(oo, §)/[N0/2 + Gé(oo, §)J

me[f(oc,mc

5. Discrete signal simulation

To calculate the DFT coefficients c; [k] (23)
corresponding to the random vector 7 [k], one
presents the random process 7(t) (16) generating the
process yn(t, §) as a series in sinc functions (Tan &

Jiang 2018), the coefficients of which are the samples
Alk] = f(kAt) taken with the sampling rate o, (19):

) = Zx: 1] sin(o,(t - iAt)) . (27)

o,(t - iAt)

i=—o0

The process (27) corresponds to the spectrum

s:(jo) = At iﬁ[i]exp(— joiAt) I(o/o,) =

i=-00

= Dﬁ(jco) I((D/(Dd)'

(28)

where the function p,(jo) = At )’ Ali]exp(- jwiAt)

is a discrete-time Fourier transform (DTFT) of the
sequence (k] and has the period o, while 7(x) = 1,

if |5 < 1/2,and 1(x) = 0,if | > 1/2.

The spectral density Syn(j(o, §) of the signal 7 (r) at
the output of the filter with the AFC (13) takes the form

5;, (o 8) = o, 8)s, (o). (29)

accurate to a nonessential phase factor. On the other
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hand, similarly to (28), the spectral density s; (jco, Q)
can be written using the DTFT of the sequence ¥, [k]:

s;,(Gw) = At Y 7, [i]exp(- joiat) I(o/o,) =

(30)

i

I gMS

Dy (jo) I(“)/md)-

By comparing the formulas (29) and (30), while the
expression (28) and the DTFT periodicity are taken
into account, one can conclude that the DTFTs of the
sequences ¥,[k] and k] are related in the same way
as the spectral densities of the continuous signals
7.(t) and (), namely,

D;, (jo) = Dﬁ(jm)Zﬁ(o) - imy,, §). (31)
Each of the sequences 7 [k] and #[x] include

exactly N non-zero samples. Therefore, for each of
them, the DFT can be calculated. It follows from (31)
that the DFT coefficients of 7 [x] and #[x] are related

by the relation

¢y, [l = c;l] {%(md/ v, G EENES (g
H(wd - ku)d/N,S), N/2 < k < N.

Carrying out similar operations for the samples
7e[x] (20) and 7#[k] = f.(kAt) (16), one finds that

their DFT coefficients are related as
Cy[x] = ¢, [k]
Kf(kmd/zv , §O)ﬁ(kmd/zv , §), k < Nj2,
X Kf(o)d - koy /N, §O)ﬁ(md - ko, /N, @),
N/2 < k < N,

(33)

where Kf(m, §O) is defined from (15).

Based on the formulas (32) and (33), one can
present the FLR logarithm (24) in the form

- 1
LX(S) - 262N {
- 2., -
C /2l (osr2, 8,) + calvpel #loys2, 8) + (34)
N/2-1
+2)
k=1
Thus, to form the FLR logarithm L(@), 9 € ® (6),it
is necessary

o, ok, 8,) + ;o] [ 700, 8) +

+

Cs, [k]Kf((de/N ’ §o) + Cg[k]rﬁZ(wdk/N , §) i

1) to generate the two sequences of the independent
random numbers 7.[k] and 5[] with the zero

mathematical expectations and dispersions c? (21);

2) to calculate the DFT coefficients (32), (33) and
the deterministic term (26) of the FLR logarithm for

each possible value § ¢ ® of the vector of the

unknown estimated parameters 9 ;

3) by substituting the found DFT coefficients into
the formula (34), to calculate the values
corresponding to the term of the FLR logarithm
depending on the observable realization;

4) to calculate the values of the FLR logarithm
according to (11).

6. Simulation results

Finally, it is time to consider simulating the FLR
logarithm for the Gaussian random process g(t, §O)
with the spectral density (3) in the case when the
function (4) takes the form 7(x) = exp(— Tr,xz). For
convenience, following (Trifonov et al, 1991;
Chernoyarov et al, 2014), one passes to the
dimensionless estimated parameters. Instead of the
signal &(t, QO) dispersion, the value g, = 4np,/N,Q, is
estimated. It characterizes the ratio between the mean
signal power and the mean noise power within the
effective signal bandwidth. And instead of the effective
signal bandwidth, the value (5) is estimated
characterizing the ratio between the observation time
and the correlation time of the random process

ele, 8,)-

Each experiment consists of the two stages: the
generation of the DFT samples of the observable
realization according to the formulas (32) and (33),
and then, as it follows from (8), the determination of
the values of the parameters ¢, and p, that maximize
the FLR logarithm (6) generating by applying the
formulas (11), (26), (34).

The simulation results, while 2.5 - 10° realizations
(1) have been processed under the values of the
parameters g, = 1 and p, = 1024, are shown in
Figures 1 and 2. In Figures 1a and 1b, the obtained two-
dimensional probability density of the position of the
FLR logarithm maximum in the coordinates (g, u) of
the current values of unknown parameters is plotted.
As it follows from Figure 1a, the probability density is
bell-shaped (Gaussian), while it can be seen from
Figure 1b that the position of the probability density
maximum coincides with the real values ¢, and p, of

the estimated parameters.
In Figures 2, the cross-sections of the two-
dimensional probability density are presented. Figures

2a and 2b demonstrate the sections of the two-
dimensional probability density in the planes nu = p,

and p = 7p,/8, respectively. Similarly, in Figures 2c
and 2d, the sections of the two-dimensional
probability density by the planes ¢ = g, and
g = 7g9,/8 are drawn.
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It can be seen that the deviation of one parameter
leads to the bias of the estimate of the other
parameter.

7. Conclusions

The algorithm for simulating the estimates of the
power and frequency parameters of the stationary
Gaussian random process against a background of
Gaussian white noise is considered. During
simulation, the discrete samples of the logarithm of
the functional of the likelihood ratio are multiply
generated and the estimates of the dispersion and the
effective bandwidth of the random process are found.
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As a result, the statistical characteristics of the
estimates of the specified parameters are obtained.
The introduced algorithm is suitable for simulating
the estimates of the parameters of a low-frequency
random process with an arbitrary form of the spectral
density. As an example, the characteristics of the
estimates of the dispersion and the bandwidth of the
Gaussian random process with the bell-shaped
spectral density are studied.

The designed software for simulating the estimates
is optimized for computing by a multiprocessor
computer. It can work in parallel in several streams or
it can exploit several computers allowing minimizing
the total simulation time. The results presented can be
used while determining both the biases and the
variances as well as the approximate analytical
expressions for the probability densities of the
estimates.
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